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1 Introduction and main results 

The concept of exponential dichotomy plays a crucial role in various aspects of the pertur- 
bation and the stability theory [3, 4, 17, 18, 19]. An important problem here is robustness of 
the exponential dichotomy of a system, i.e., its stability with respect to small perturbations 
in the system. This problem is extensively studied in the literature, e.g., in [6, 13, 14, 20] for 
finite- dimensional case and in [2, 7, 15] for infinite- dimensional case. It should be noted that 
the hyperbolic case (see, e.g., [16]) seems more complicated here in comparison to ODEs and 
parabolic PDEs, mostly due to worse regularity properties of hyperbolic operators. 

We address the issue of stability of exponential dichotomies for general linear one- 
dimensional first-order hyperbolic systems 

{dt + a{x,t,e)d^ + b{x,t,e))u^O, x e (0,1) (1.1) 

subjected to (nonlocal) boundary conditions 



= pjk{t)uk{0,t) + ^pjk{t)uk{l,t), l<j<m, 



k=m+l k=l 
m n 



(1.2) 



Uji^.t) ^^qjk{t)uk{0,t) + qjk{t)uk{l,t), m < j < n. 

k=l k=m+l 



Here u — {ui, . . . ,Un) is a vector of real- valued functions, a — diag(ai, . . . , a„) and b — 
{bjk}]k=i matrices of real-valued functions, and < m < n are fixed integers. 
Set 

n = {{x,t) : < X < 1, -oo <t < oo}. 

Assume that there exists Eq > such that for all s < Bq and all {x,t) e 11 the following 
conditions are fulfilled: 

%) bjk,Pjk, Qjk are continuously differentiable in x, t, e for all j, k < n, (1.3) 

ttj > for all j < m and aj < for all j > m, (1.4) 
inf \aj\ > for all j < n, (1.5) 

x,t 

sup {\aj\,\dxaj\,\dtaj\,\dsaj\} < oo for all j < n, (1.6) 

x,t 

sup \qjk\, \bjk\, \debjk\, \dtbjk\} < oo for all j,k<n (1.7) 

x,t 

for all 1 < j 7^ < n there exist I3jk, ^jk e ([0, 1] x M x [0, £o)) 

such that bjk{x, t, 0) = f3jk{x, t, e) {ak{x, t, e) — aj{x, t, 0)) (1.8) 

and bjk{x,t,e) = -fjk{x,t,s) {ak{x,t,e) - aj{x,t,e)) , 



and 

sup{\d^Pjk\,\dtPjk\,\9x'yjk\,\dt'yjk\} < oo for all j 7^ A;. (;^_9) 
Given s e R, set 

Us = {{x, t) : < X <l,s <t < 00}. 
We subject the system (1.1)-(1.2) by the initial conditions at time t — s: 

u{x,s) = ^{x), xe[0,l], (1.10) 

and consider the initial-boundary value problem (1.1), (1.2), (1.10) in II^ for arbitrarily 
fixed s G M. Now we intend to switch to a weak formulation of the latter using integration 
along characteristic curves: For given j < n, x E [0,1], t E M, and e G [0,£:o] the j- 
th characteristic of (1.1) passing through the point {x,t) G Ug is defined as the solution 
^ G [0, 1] i-> u!j{^; x, e) G R of the initial value problem 

d^ujj{i;x,t,e) ^ ^ + a .V ujj{x;x,t,e) ^ t. (1.11) 

Write 



Cj(^,x,t,e) ^exp J {r],ujj(r);x,t,e),e)dr], dj(^,x,t,e) 



Due to (1.5), the characteristic curve r = ujj{$^;x,t,e) reaches the boundary of Ug in two 
points with distinct ordinates. Let Xj{x, t, e) denote the abscissa of that point whose ordinate 
is smaller. Let us introduce linear bounded operators R : C (lis) ^ C{[s,C)o))"' and 
B'^ : C (lis)" ^ C (lis)" and an affine bounded operator S : C (ll^)" i-)- C (ll^)" by 

n m 

{Ru)j{t) = Pjkit)uk{0,t) + '^pjkit)uk{l,t), l<j<m, 

^==-+1 (1.12) 
{Ru)j{t) = ^qjk{t)uk{Q,t) + qjk{t)uk{l,t), m<j<n. 



k=l k=m+l 



{B^u)j{x, t) — Cj{xj{x, t, £),x, t, e)uj {xj{x, t, e),u}j{xj{x, t, e); x, t, e)) , (1-13) 

and 

(5«wM)={^;w" (1.14) 

By abuse of notation, we did not indicate the dependence of the above operators on s; in 
fact, in the consideration below the value of s G M will be arbitrarily fixed. 
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Straightforward calculations show that a C^-map u : [0, 1] x [0, oo) — >■ is a solution to 
(1.1), (1.2), (1.10) if and only if it satisfies the following system of integral equations 

- / dj{^,x,t,e)^bjk{^,ujj{^;x,t,e),e)uk{^,ujj{^;x,t,e))d^, j<n.(1.15) 

Now, the notion of weak (continuous) solution in Us can be naturally defined as follows. 

Definition 1.1 A continuous function u is called a continuous solution to (1.1), (1-2), (1.10) 
in Ug if it satisfies (1.15). 

For given e > 0, denote by U^{t,s) : C([0, 1])" i-)- C([0,1])'* the evolution operator of 
the system (l.l)-(l.lO) whose existence is given by Theorem 2.1, i.e, a bounded operator 
mapping the values of solutions at time s into their values at time t and satisfying the 
properties f/^(s, s) = I and U'^{t, s)U'^{s, r) = ^7^(t, r) for all t > s > r. 

We examine robustness of exponential dichotomies for a range of boundary operators 
ensuring that smoothness of solutions increases in finite time. With this aim we will assume 
that the system (1.1)-(1.2) has a smoothing property studied in [9, 10]. 

Definition 1.2 Let £ > 0. The evolution operator U^{t,s) to the problem (1.1), (1-2) is 
called smoothing if, for every s e M, there exists t > s such that U%t, s)ip G ([0, 1])" for 
every <^eC ([0,1])". 

In the following definition the range of an operator P will be denoted by Im P. 

Definition 1.3 Let e > 0. We say that the system (1.1)-(1.2) has an exponential dichotomy 
on M with exponent j3 > and bound M if there exist projections P^{t),t e R, such that 

(i) U'{t,s)P%s) = P%t)U'{t,s), t > s; 

(n) U^{t,s)\iin(ps(s)) for t > s is an isomorphism on Im(P^(s)), then U^{s,t) is defined as 
an inverse map from Im(P^(t)) to Im(P^(s)); 

(iii) \\U'{t,s){l - P%s))\\ < Me-^(*-^), t > s; 

(iv) \\U'{t,s)P%s)\\ < Mef^^*-'\ t < s. 

Here and below by || • || we denote the operator norm in £ (C([0, 1])"). 

Now we formulate our main result. 

Theorem 1.4 Suppose that the system (1.1)-(1.2) with e = has an exponential dichotomy 
and the corresponding evolution operator U^{t,s) is hounded: 

sup \\U^{t,s)\\ <oo. (1.16) 

0<t-s<l 
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Moreover, assume that there is Eq > such that the following conditions are fulfilled: (1-3)- 
(1.9) and 

There exists G N such that {B^Rf = for all e < Eq. (1.17) 

Then there exists e' < Eq such that for all e < e' the system (1-1), (1-2) has an exponential 
dichotomy. 

Remcirk 1.5 Note that the boundary conditions (1.2) together with the property (1.17) 
generahze boundary conditions appearing in models of chemical kinetics [1, 21]. 



2 Basic facts 

The first fact follows from the results obtained in [8, 11] and entails, in particular, the 
existence of an evolution operator. 

Theorem 2.1 Under the conditions (1.3)-(1.9), for given s: > 0, s e T" > 0, and 
</? e C ([0, l])'^ fulfilling the zero-order compatibility conditions 

<^j(l) = m<j<n, 

the initial-boundary value problem (1.1), (1-2), (1.10) has a unique continuous solution in 
Us o-nd this solution satisfies the apriori estimate 

ll«llc(nAn.,.)"<C(T)||(^||c([o,i]r (2-19) 

with a constant C{T) > depending on T, but not on s, if, and e < Eq. 

The second fact can be readily obtained by [10, Theorem 2.7] and the argument used in 
its proof. It states the smoothing property of the evolution operator as well as the fact that 
the time at which the continuous solution to (1.1), (1.2), (1.10) reaches the C^-regularity 
does not exceed a fix number d, whatsoever initial time s e M. 

Lemma 2.2 Under the conditions (1.3)-(1.9) and (1.17) the evolution operator is smoothing 
and satisfies the following property: 

There exists d > such that for any s e R and t as in Definition 1.2, , ^ 

the inequality \t — s\ < d is true for all e < Eq. 

The third fact is a variant of [5, Theorem 7.6.10]. 
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Theorem 2.3 Assume that the evolution operator U^{t, s) has an exponential dichotomy on 
M and satisfies (1.16). Then there exists rj > such that for all £ > with 

\\U^it, s) - U%t, s)\\ < rj, whenever t - s = 2d 

the evolution operator [/'^(t,s) has an exponential dichotomy on M also. 

Proof. Given s e IR and e > 0, set 

tn = s + 2dn, = U%to + 2d{n + 1), to + 2dn) for n e Z. 

If the evolution operator U^{t, s) has an exponential dichotomy, then the sequence {T°} has 
a discrete dichotomy in the sense of [5, Definition 7.6.4]. 

By [5, Theorem 7.6.7], there exists rj > such that for all £ > with 

sup||r°-T„^||<r/ 

n 

{T^i} has a discrete dichotomy. 

Now we are in the conditions of [5, Excersise 10, p. 229-230] (see also a more general 
statement [7, Theorem 4.1]), what finishes the proof. □ 



3 Proof of Theorem 1.4 

Given s e R and £ > 0, let us introduce linear bounded operators D^,F^ : C (n^)" — > 

c(n,)"by 

{D^w).{x,t) = - /" dj{i,x,t,e)^hjk{i,i^j{i]x,t,£),£)wk{i,uJj{i]x,t,e))d^, 

Jxj{x,t,e) ,,^1 

{F'f)^{x,t) = I dj{tx,t,e)fj{tuj,{^;x,t,e))d^. 

J Xj{x,t,e) 

Here again we dropped the dependence of and on s, as throughout the proof s e M is 
arbitrarily fixed. To simplify further notation, set 

a{x, t) = a{x, t, 0), b{x, t) = b{x, t, 0), Cj{x, t) = Cj{x, t, 0), dj{x, t) = dj{x, t, 0), 
a^{x,t) = a{x,t,£), ¥{x,t) = b{x,t,£), l3ji^{x,t) = Pjk{x,t,£), 
ujj{^;x,t) ^ujj{^;x,t,0), Xj{x,t) ^ Xj{x,t,0), D^D^, F^F^. 

(3.21^ 

Fix arbitrary values s G M and £ < £q and an arbitrary initial function if E C ([0, l])'^ 
in (1.10). Let u and v be the continuous solutions to the problem (1.1), (1.2), (1.10) with 
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£ = and e, respectively. By Lemma 2.2, the evolution operator U^{t, s) is smoothing with 

the time of smoothing not exceeding d. This means that starting at t = s + the solutions 
u and V are continuously differentiable and, therefore, satisfy the system (1.1) pointwise. 
Hence, the difference u — v fulfills the equation 

{dt + a{x,t)dx + b{x,t)){u — v) — {a^{x,t) — a{x,t)) dxV + {b^{x,t) — b{x,t)) v, {x,t) G Ils+d 

(3.22) 

and the boundary conditions 



{uj - Vj){Q, t) = {R{u - v)). (t), l<j<m, t>s 
{uj - Vj){l, t) = {R{u - v))- {t), m < j <n, t> s, 



(3.23) 



or, the same, the operator equation 

u - v\yi^^^ = BR{u -v) + D{u -v) + F {{a' - a) d^v) + F {{b' -b)v). (3.24) 

A similar equation is true for u — t; under the operator BR, what entails 

u-v\^^^^ = {BRf{u-v) + {I + BR)D{u-v) 

+ (/ + BR)F {{a' - a) d^v) + (/ + BR)F {{W -b)v). 

Doing this iteration, on the k-th step we meet the property (see (1.17)) 

{BRf {u-v)=Q (3.25) 

and, hence, get the formula 

fc-i fe-i fc-i 

u — v' 



J2{BRyD(u -v) + ^(Si?)^F ((a' - a) d^v) + ^{BR^F {{b' -b)v). 

In particular, 

{u - v){x, s + 2d) = [{BRYD{u - v)] {x, s + 2d) (3.26) 

j=0 

fc-i fc-i 
+ [{BRYF ((a" - a) d^v)] (x, s + 2d) + J2 [{BRyF {{b' - b) v)] (x, s + 2d). 



i=0 i=0 1=0 



fc-1 



i=0 i=0 



Therefore, on the account of Theorem 2.3, we are done if we show that, given ?] > 0, there 
is e' < Sq such that 

||(m- ■{;)(•, s + 2c/)||c([o,i]r < ^ll</'llc([o,i]r> (3-27) 
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the bound being uniform in s e R, £ < s', and (p E C ([0, l])". To derive (3.27), we estimate 

each of the three sums in (3.26) separately. 

To obtain the desired estimate for the first sum in (3.26), we first derive the formula for 
D{u — v) contributing into this summand. To this end, use the operator representation for 
u and V, namely, 

u = BSu + Du, B'Sv + D'v, 

where the functions u and v are restricted to Us \ Ils+2d and the operators B^, S, and 
are restricted to C (lis \ l^s+2d) ■ Note that, as it follows from the definition, B^, S, and 
map C (Us \ Ils+2d) into C (Us \ Us+2d) ■ Thus, for the difference we have 

u-v = BS{u -v) + {B- B') Sv + D(u - v) + (D - D')v, (3.28) 

hence 

D(u -v) = DBS(u -v) + D(B- B') Sv + D'^{u - v) + D(D - D')v. (3.29) 

Our next objective is to rewrite the last equation with respect to the new variable 

w^D{u-v). (3.30) 

With this aim we substitute (3.28) into the first summand in the right-hand side of (3.29) 
and get 

w = D{BSf{u-v) + D{I + BS){B-B')Sv 

+ D(I + BS)w + D{I + BS)(D-D')v. (3.31) 

Continuing in this fashion (again substituting (3.28) into the first summand in the right-hand 
side of (3.31)), on the r-th step we arrive at the formula 

r-1 

w = D{BSY{u-v) + Dj2iBSy{B - B')Sv 

1=0 

r—l r—1 

+ Dj2iBSyw + Dj2iBSy(D - D')v. (3.32) 

i=0 i=0 

Since (u — v)(-, s) = on [0, 1], there exists Tq G N such that (BSY°(u — v) = 0. Therefore, 
the resulting equation for w restricted to \ n<j+2d can be written as 

ro-l ro-1 ro-1 

w = dJ2 (BSy (B - B')Sv + {BSy(D - D')v + (BSyw. (3.33) 

1=0 1=0 1=0 



8 



Our goal now is to show the existence of a function o; : [0, 1] — >■ IR with a{£) — >■ as £ — >■ 
for which we have 

\H\c{m\u,+,aT <o^i^)\Mc{[o,i]r, (3.34) 

the estimate being uniform in s e R and </? e C([0, 1])" satisfying the zero-order compatibihty 
conditions (2.18). With this aim we first show that there is a function a{e) meeting the same 
properties as a{e) such that the C (lis \ l^s+2d) -norm of the first two summands in the 
right-hand side of (3.33) is bounded from above by Q!(£)||(/5||c'([o,i])n. Afterwords, we use the 
boundedness of the operators B,S,D restricted to C (11^ \ ns+2d)"j then apply Gronwall's 
inequality to (3.33), and this way derive (3.34). To this end, observe that the integral 
operator D can be considered as Volterra operator of the second kind. This follows from the 
fact that D can be equivalently defined by the formula 

{Dw)j{x,t) = - / dj{T,x,t)^bjk{u}j{T;x,t),T)wk{u}j{T;x,t),T)dT, 

Jtjix,t) 

where r G M i— )■ Cdj{T; x, t) G [0, 1] is the inverse form of the j-th characteristic of (1.1) passing 
through the point {x,t) G 11, tj{x,t) is a minimum value of r at which the characteristic 
r = ojji^", X, t) reaches dUg, and 



dj (r, x,t) — exp bjj (cuj (rj; x,t),rj) drj. 



Thus, the estimate (3.34) will be proved as soon as we derive the upper bound a{e) \\'^\\c{[o,i]y' 
for the absolute value of the first two summands in (3.33). The idea behind the proof is a 
smoothing property of the operators representing those summands. We prove this only for 
one summand in each sum (when i = 0). For all other summands we apply similar argument. 

Thus, to get the desired estimate for the summand D{D — D'^)v, it suffices to show that, 
given j < n, the function [DD'v)- (x, t) is continuously different iable in e and that the 
derivative is bounded on \ Ils+2d uniformly in s G M and e < Eq. Indeed, following the 
techniques from [9] , fix a sequence v'' G (n)" such that 

f ' -)■ f in C (Us \ ns+2d)" as / ^ oo. (3.35) 

We are done if we prove that (DD'^v^^ . (,t, t) converges in C (Yig \ ^s+2d) as / ^ oo and 

that the limit function is bounded on 11^ \ Iis+2d uniformly in s G M and s < Eq. Consider 
the following expression for (DD^v^) . {x,t): 

{DD'v^).{x,t) = / djki{Lr],X:t,e)bjk{^,ujj{^;x,t)) 

k^j i^k 

X vl{ri,ujk{v;^,^j{^;x,t),e))dr]d^ (3.36) 
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with 

djkiiC, X, t, e) = dj{^, X, t)dkiv, x, t),e)hki{r], Ukir]; ^, Uj{C; x, t), e), e). 

Let Xjk{x, t, e) denote the x-coordinate of the point (if any) where the characteristics ojj{^; x, t) 
and cukiC] 0, s,s) if k < m and the characteristics tUj(^; x, t, s) and Uk{i; 1, s,e) if k > m in- 
tersect. Hence, Xjk{x,t,e) satisfies the equation 

Uj{xjk{x, t, e); X, t) = ujk{xjk{x, t, e); 0, s, s) (3.37) 

if A; < m and the equation 

ujj{xjk{x,t,e);x,t) ^ ujk{xjk{x,t,e);l,s,e) (3.38) 

if A; > m. Suppose for definiteness that j < m and k > m (similar argument works for all 
other j ^ k). Thus, if Xjk{x,t,e) exists for some {x,t,e), then the integrals in (3.36) admit 
the decomposition 



/ / dr^di= / dr]di+ / dridi, (3.39) 

J Xj{x,t) J Xk{i,(x>j{^;x,t),£) Jxj{x,t) J Xk{i,i^j{(.;x,t),e) J Xjk{x,t,e) J I 

where the function Xk{^, x, t),e) in the right-hand side satisfies the equality 

uJk{xk{^:i^j{^;x,t),e);^,Uj{^;x,t),e) = s. (3.40) 

Now we intend to show that the derivatives d^XkiC^ ^j{C]x, t),e) and d^Xjkix, t, e) exist. With 
this aim we introduce a couple of useful formulas: 

1 f d a \ 

d^LJj{C,x,t,e) = — — cxp / {r),ujj{r];x,t,s),£)dr], (3.41) 

dtUJj{C,x,t,e) = (^^^^ {V,i^j{v;x,t,£),£)dr], (3.42) 

deUJj{^;x,t,e) = ®^P_^ (^^^^ {v,i^j{v;x,t,£),e)dr] 

^ (^^^^ iv,i^j{v;x,t,e),e) 

X exp y ^^^^ {r]i,u}j{r]i;x,t,e),e)dr]idr]. (3.43) 

Then the existence of the derivatives dsXk{C,ujj{C]x,t),e) and dsXjk{x,t, e) follow from the 
equalities (3.40) and (3.38), respectively. Furthermore, we derive the formulas 

deXk{^,ujj{^;x,t),£) = -ak{xk{tuj-j{^; x,t), £), s)d4UJk{xk{^,ujj{^; x,t),£); ^,uj-j{^; x,t), £) 

(3.44) 



10 



and 



^4 ^ 



{xjk{x,t,e),ojj{xjk{x,t,e);x,t)) = d4Uik{xjk{x,t,e);l,s,e). (3.45) 



Hence, on the account of the assumption (1.8), from the last equahty we get 

deXjkix, t, s)bjk{xjk{x: t, e),ujj{x^k{x, t, e)]x, tj) 
= (^Ojol) {xjk{x, t, e),ujj{xjk{x, t, e);x, t))diUJk{xjk{x, e); 1, s, e). 

Now, using the regularity assumption (1.3), we are able to compute the derivative 
d,[{DD'v').{x,t) 



(3.46) 



= EE 



X rx 



djkii^, Tj, X, t, e)bjk{^, ujji^; x, t)) 



X vl{r],Uk{f];C,i^j{C;x,t),e))dr]dC 

^ rx px 

+ XlXl / / djki{^,rj,x,t,e)bjk{^,ujj{^;x,t)) 

X deCOkiv; ^, ujjiC; X, t),e)d2vl{7], Ukiv; X, t),e)) drjd^ 

n II 

+ {xjk{x, t, e),ujj{xjk{x, t, e);x, t))d4Ujj{xjk{x, t, e); 1, s, e) 



k^j i^k 



X 



djkM, V, X, t, e)vl{r], Ukiv, ^, x, t),e)) 



'Xk(xjk(x,t,£),i^j(xjk{x,t,e);x,t),e) 
" " rxjk{x,t,£) 

/ d^Xki^, ujj{^; X, t),e)bjk{t ^i(C; x, t)) 

fc = l i=i Jxj{x,t) 



X 



/ 

Jx, 

n 

fc=i 1=1 

k^j ijtk 

djkiiC, V, X, t, e)v\{r], ujkiv, t^ji^; x, t),e)) 

n n 

Yl i^jk^i^k) {xjk{x, t, £),Uj{xjk{x, t, e);x, t))diUj{xjk{x, t, e); 1, s, e) 



(,=Xjk{x,t,£) 



dr] 



--Xk{^,L^j{^;x:,t),e) 



di 



fe=l 1=1 

ki^j iT^k 



X 



djkii^, V, X, t, s)vl{r), ujk{r}] x, t),e)) 



^=Xjk{x,t,£) 



dri, 



(3.47) 



where drQ here and below denotes the derivative of g with respect to the r-th argument. Note 
that Xk{xjk{x, t, e),u!j{xjk{x, t,e);x,t),e) = 1, hence the third and the fifth summands in the 
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right-hand side cancel out. The first and the fourth summands converge in C (lis \ Yls-^2d) as 
/ — )■ cxD. Our task is therefore reduced to show the uniform convergence of all integrals in the 
second summand. For this purpose we will transform the integrals as follows: Changing the 
order of integration and using (1.3) and (1.8), we get (to simplify notation in the calculation 
below we drop the dependence of Xj on x and t) 



Xj Jri 



X 



djkiii, V, X, t, e)bjk{^, ujj{^; x, t))deUJk{m ^jiC; x, t),e) 
X d2vl{ri, ujkiv, t ujj{(; x, t),e)) d^drj 

djkii^, V, X, t, e)d,ujk{r); ^, ujj{^; x, t),s)bjk{^, ujj{^; x, t)) 

(a^Wfc) {m x, t),e) {d^vD {rj, Ukifj] ujj{^; x, t),e))d^dri 

djkiiC, V, ^, t, £)deUJk{m <^j{^; X, t),s)) (^/3j,,ajal^ (C, ujj{C; x, t)) 
X d^Ukir]] ^, ujj{^; x, t),e){d^vl){r], ujk{m ^, t^ji^] x, t),e))d^dr) 
djkii^, V, X, t, s)(d^vl)(r], Uk(m ^^jiC, x, t),e))d^dr) 

d^djkii^, rj, X, t, £)vl (t], ujk(r]; ^, ujj(^; x, t),e)) d^drj 

Jxj Jri 
rx _ 

+ 



Xj .Jri 



Xj Jri 



^ ii=x 

djkii^, V, X, t, e)vl {rj, ujk{rj; ^, ujj{^; x, t),e)) drj. 



(3.48) 



Here 



djki{tV:X,t,e) = djki{^,r],x,t,e)deUJk{m^,ujj{^;x,t),e) 

X dsUJkiv, X, t),e) {Pjk^^jal) (^, ujj{^; x, t)). 

Now, the desired convergence follows from (3.35) and (3.41)-(3.43). The desired boundedness 
of the limit function is a consequence of the assumptions (1.6), (1.7), and (1.9). 

Returning to the formula (3.33), similar argument works also for the operators contribut- 
ing into the first sum: Again, for i = 0, on the account of the definition of the operators D 
and 5^, we have to show that the e-derivative of 



{DB'v')Ax,t) 



E 



Xj {x,t) 



djii, X, t)bjk{i, Uj{^; x, t))ck{xk{C, ^i(C; x, t),s),^, Uj{^; x, t),6) 



X Vkixkii, ujjiC, X, t),e), ook{xk{C, ojj{^; x, t) ,e);C, ^^jiC; x, t),s)d^ 



(3.49) 
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converges uniformly on Ug \ Ils+2d and that the hmit function is bounded uniformly in s e R 

and e < Bq. To show this, wc differentiate (3.49) in e, use (1.8), and integrate by parts. To 
be more precise, fix arbitrary j < m and k > m (similarly for all other j ^ k) and rewrite 
the k-th summand in the right-hand side of (3.49) as (up to the sign) 

/ djii, X, t)bjk{C, X, t))ck{xk{C, ujjiC; X, t),e),C, ooj{C, x, t),e) 

J Xj{x,t) 



px 

+ / dj{i,x,t)hjk{i,i^M-,x,t))ck{l,i,'jJj{i]x,t),e) 

Jxju{x,t,e) 

X vi{l,Uk{l]i,u^{i]x,t),e))di (3.50) 
Then the £-derivative of this expression equals 

dj{^, X, t)bjk(^, ujj(^; X, t))d,Ck(xk(^, Uj(^; x, t),e),^, ujj(^; x, t),e) 

Xj{x,t) 

X ■vl{xk{i,ojj{^]x,t),e),s)d^ 

+ / djiC, X, t)bjk{C, UjiC; X, t))ck{xkiC, i^jiC; x, t),e),C, ujj{^; x, t),e) 

J Xj (x,t) 

X deXkiC, i^jiC, X, t),e)divi{xki^, ujj{C, x, t),e), s)dC 

+ / dj{^,x,t)bjk{^,ujj{^;x,t))ck{l,C,ujj{^;x,t),e) 

X deUk{l;i,uJj{^;x,t),e)d2vl{l,uJk{'^-^i,^j{^\x,t),e))d^. (3.51) 

For the first summand the desired convergence and the uniform boundedness of the limit 
function is obvious. The last two summands are equal to 

rXjk{x,t,£) 

j dj{^, X, t)bjk{C, ujjiC] X, t))ck{xk{i, uijiC; x, t),e),C, ujj{^] x, t),e) 

J Xj{x,t) 

X d,Xk(^, ujj(^; x,t),e) [d^Xk(^, ujj(^;x,t),e)]~^ d^vi(xk(^, ujj(^;x,t),e),s)d^ 
+ / dj{^, X, t)bjk{C, ujj{^; X, t))ck{l, ujj{C; x, t),s)deUJk{l; uJj{^; x, t),s) 

Jxju{x,t,£) 

X [d^uokil] ^, oOjiC, X, t),e))]-^ d^vi{l,ujk{l] ujjii] x, t),s))d^. (3.52) 
Next we use the formulas (3.40), (3.41), and (3.42) and calculate 

(Q,£ — a\ 
— — {C,i^j{^;x,t)) 
^j'^k J 
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X dzUk (xk it (C; X, t),e); ^, ujj{^; x, t),e), 

Now, due to the assumptions (1.3) and (1.8), we are in a position to bring the expression 
(3.52) to a desirable form 

j dj{i, X, t)ck{xk{i, u)j{^; X, t),e),^, ojj{^] x, t),e)d^Xk{^, u)j{C] x, t),e) 

J Xj{x,t) 

X o,k{xk (C, i^j {^■,x,t),e), s)d3UJk{xk{C, ujj (^; x, t) , e) ; ^, Uj (^; x, t) , e) 
X (%4/5|fe) {t(^j{^;x,t))d^vi{xkiC,ujj{^;x,t),e),s)d^ 

+ / dj{^,x,t)ck{l,C,ujj{C;x,t),e)deUk{l;^,Uj{^;x,t),e) 

Jxjk{x,t,£) 

X d3UJk{l;^,ujj{C;x,t),e) {ajak/^jk) {^,ujj{^;x,t))d^vi{l,ujk{l;^,ujj{^;x,t),e))d^ 

nXjk{x,t,e) 

= - / d^ejk{^,x,t,e)vl{xk{i,ujj{i]x,t),e),s)d^ 

J Xj{x,t) 

Xjk{x,t,e) 

+ ejk{^,x,t,e)vk{xk{t^^j{C;x,t),e),s) 

£,=Xj(x,t) 

d^ejkit X, t, e)vl(l,ujk{l; t x, t),e))d^ 

Xjk(x,t,e) 

+ ejfe(C,x,t,£)4(l,Wfe(l;^,a;j({;x,t),£)) _ (3.53) 

where 

ejfe(C, X, t, e) = dj(^, X, t)ck(xk(^, ujj(^; x, t),e),^, ujj(^; x, t),£)deXk(^, ujj{^; x, t),e) 
xak(xk(^, ujj(^; X, t),e), s)d3UJk(xk(^, ujj{^; x, t),s);^, ujj(^; x, t),s) {ajalPl^) (^, ujj(^; x, t)), 

ejkit X, t, e) = dj{^, X, t)ck{l, Wi(^; x, t),e)deUJk{l] x, t),£) 

X {ajall3jk) {^,ujj{^;x,t))d3UJk{l;ti^j{C;x,t),£). 

To finish with the first summand in (3.26) it remains, similarly to (3.48), apply the conditions 
(1.6), (1.7), (1.9), (3.35), and the formulas (3.41)-(3.43). 

The last two summands in (3.26) are treated by means of the assumptions (1.5), (1.6), 
(1.9) (entailing, in particular, the uniform boundedness of the operators B and F restricted 
to C (lis \ ^s+2d) ) as well as by the smoothing apriori estimate 

ll^llc(n.+,\n,+,,)" + ll^-^llc(n.+An.+..)" ^ ^lkllc([o,i])", (3.54) 
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where the constant C > depends on d but not on e < £o and s e IR. We are therefore 
reduced to prove the estimate (3.54). To this end, we start with the operator representation 
of V in Us+d \ ^s+2d, namely, 

V = B'Rv + D'v. 

After a number of iterations we derive the following formula suitable for our purposes: 

k-l 

V = J^i^'^y {D'B'R + {D' f) V. (3.55) 

i=0 

The estimate (3.54) now readily follows from the smoothing property in x of the operators 
D^B^ and (-D"^)^ and the apriori estimate (2.19) with 2d in place of T. Showing the smoothing 
property of the operators D^B^ and (-D^)^ in x, we follow a similar argument as in the proof 
above of the smoothing property in e. We illustrate this by example of the operator {D^Y 
(and similarly for D^B^): We take into account that [(-D^)^ v^~\. (x, t) on ns+d\ns+2(i is given 
by the formula (3.36) where fej^ is replaced by 6^^; Xj{x,t) = if j < m; and Xj{x,t) = 1 if 
j > m. Below we therefore drop the dependence of Xj on x and t. Changing the order of 
integration, we have 

dx[i{D^fv').{x,t)_ 

" " nx 

= X^X^ / / dx[djki{i,r],x,t,e)hjk{i,^j{i]x,t,e),e)]v\{ri,oJk{r]]i,ojj{i]x,^ 
fe=i fci ''Xj 

^ " rx PX 
+ X^Xl / / (^jki{^'V,X,t,£)bjk{^,UJj{^;X,t,£),£) 
t-1 ,-1 Jxi Jn 



k=l i=l ''Xj ''V 
k^j i¥'k 



X d2,Uk{r]] X, t, e),e)d^0Oj{^; x, t, e)d-2v\{'q, Ukim ^, C0j{^; x, t, e),e))d^dr]. (3.56) 

Let us transform the second summand similarly to (3.48): For given k ^ j and i ^ k we 
have (using the assumptions (1.3) and (1.8)) 

PX PX 

/ / djki{^,ri,x,t,e)bjk{^,ujj{^;x,t,e),e) 

X dsUkiv; C> ^i(C; X, t, e),e)d^Uj{i] x, t, e)d2v\{r], Ukif]; t ^i(C; x, t, e),e))d^dr] 
djkiit V, X: t, e)d3UJk{r]; ^, ujj{^; x, t, e),e)d^ujj{^; x, t, e) 



X hjk{i,Uj{i]x,t,e),e) {d^ujk){ri;^,<^j{^;x,t,e),e) {d^vl){r],uJk{ri;^,<^j{C,x,t,e),e))d^dr] 
djkii^, r), X, t, e)d^ujj(^; x, t, e)(akaj-fjk)(^, x, t, e),e) 
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Xj J 7] 



djkii^, V, X, t, e){d^vl){r], Uk{m L <^j{C; x, t, e),e))d(dr) 
d^djkiit V, X: t, e)vl {rj, ujk{m t t, e),e)) d^dij 



Xj Jr) 



+ 

where 



djki{^, V, X, t, e)vl (rj, ujk(m x, t, s),s)) 



i=x 

c 

i=r) 



di], 



Now in (3.56) we can pass to the hmit as / ^ oo and then to the right-hand side apply the 
apriori estimate (2.19). Combining the resulting inequality with the formula (3.55) and the 
apriori estimate (2.19) gives (3.54). The proof of Theorem 1.4 is therewith complete. 
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